In this short paper we outline a recipe for the reconstruction of F (R) gravity starting from single field inflationary potentials in the Einstein frame. For simple potentials one can compute the explicit form of F (R), whilst for more involved examples one gets a parametric form of F (R). The F (R) reconstruction algorithm is used to study various examples: power-law φ n , exponential and α-attractors. In each case it is seen that for large R (corresponding to large value of inflaton field), F (R) ∼ R 2 . For the case of α-attractors F (R) ∼ R 2 for all values of inflaton field (for all values of R) as α → 0. For generic inflaton potential V (φ), it is seen that if V ′ /V → 0 (for some φ) then the corresponding F (R) ∼ R 2 . We then study α-attractors in more detail using non-perturbative renormalisation group methods to analyse the reconstructed F (R). It is seen that α → 0 is an ultraviolet stable fixed point of the renormalisation group trajectories. * gaunarain@itp.ac.cn
I. INTRODUCTION
any α) resolve the issues with initial conditions. These kind of α-attractor can be naturally embedded in the setting of supergravity to get a well defined consistent model of inflation following from a fundamental theory. Therefore they become favourable models in the context of inflation. Moreover, the inflationary predictions of these models are robust under quantum corrections to the potential [31] . Recently it has been suggested that α-attractors may describe dark matter and perhaps even dark energy giving them an even more wider appeal [28] . The interesting thing in these models is the existence of attractor point α → 0.
The F (R) reconstruction of α-attractors has been recently done to see how the corresponding F (R) function behaves for various values of α [29, 30, 32] . F (R) reconstruction appears as a simple algorithm to determine the form of F (R) for the given Einstein frame inflationary potential V (φ). It turns out, as is shown in this paper, that only for simple form of potential one can actually work out the explicit form of F (R), while in all other case one gets the expression in parametric from. In the case of α-attractor one arrives at a parametric form of reconstructed F (R), which is used for further study.
The aim of this paper is to study the quantum field theory of α-attractors and compute the renormalisation group flows of the parameters present in the theory, to see whether α = 0 can appear as a stable gaussian fixed point of the RG trajectories. To achieve this we study the RG flows of the reconstructed F (R) via non-perturbative flow equation [33] . An interesting insight is gained if one exploits the non-perturbative renormalisation group flows of generic F (R) functions [34] [35] [36] [37] [38] [39] [40] , which have been computed using functional renormalisation group equation in the context of asymptotic safety scenario [41, 42] . In this paper we make use of the already computed RG flow of generic F (R) [37] [38] [39] [40] to analyse the behaviour of reconstructed F (R) for the case of α-attractor. As the fixed point structure and their stability is independent of the field transformation therefore such fixed point analysis will be frame independent. We study α-attractor in this setting and compute the betafunction of its parameters from the RG flow of reconstructed F (R). We do the fixed point analysis of the flow equation and see that the model has a UV attractive fixed point at α = 0 satisfying the norms of asymptotic safety scenario. This adds a welcoming feature to the α-attractor model.
The outline of paper is follows: section II describes the algorithm for the reconstruction formalism and show how for a given potential of scalar field in Einstein-frame gives the corresponding F (R). Section III discuss about the RG flows in general and how qualitative properties (like existence of fixed point and eigenvalues) remains unchanged under field transformation. Here we then study the RG flow of reconstructed F (R) for the case of α-attractor using the non-perturbative flow equation and perform the fixed point analysis. Finally conclusions are presented in section IV.
II. F (R) RECONSTRUCTION
In this section we will outline the procedure for the reconstruction of F (R) for the given potential V (φ) in the Einstein frame. We start by considering the transformation of Jordanframe F (R)-gravity action to Einstein-frame via conformal scaling. The F (R)-gravity action in Jordan-frame is given by
where g µν is the metric in Jordan-frame while R is the corresponding Ricci scalar 1 . For generality the dimension of space-time is kept arbitrary. Following the standard procedure [9, 10] , one can write the F (R) action as a scalar-field coupled to gravity. The two theories are related by Legendre transform,
where ψ is an auxiliary field whose equation of motion is ψ = R. This when plugged back in eq. (2) gives F (R) gravity action. At this point one can do conformal transformation g µν = Ω 2ḡ µν to relate the Jordan frame metric g µν with the Einstein frame metricḡ µν . On choosing the scale factor Ω(x) such that Ω d−2 F ′ (ψ) = (16πG) −1 is satisfied, then one gets the dual theory in the Einstein-frame. The action of which is given by,
whereR is the Ricci scalar of the Einstein frame metricḡ µν 2 and
where − 1) ). These equations gives the functional form of the potential V (φ) in the Einstein frame for the given F (R) gravity. But it is interesting to ask whether this process can be reversed, in the sense that for a given potential V (φ) in the Einstein frame what is the corresponding function F (R)? This reverse process is commonly called F (R)-reconstruction [11] [12] [13] [14] [15] [16] . It turns out that although this reconstruction recipe sounds like a simple algorithm to implement, in practice it is not always possible to compute the explicit functional form of F (R). In those cases one has to rely on numerical methods or express it in parametric form where both F and R are functions of φ. This complexity arises due to the non-linear coupled differential equations involved in the process. Below we outline the algorithm for the reconstruction process.
We first express F ′ (ψ) in terms of φ using the first equation in (4). This gives
Taking a derivative of this equation with respect to ψ gives,
Plugging the expression of F ′ from eq. one can extract the relation between ψ and φ. For this one will have to use eq. (6) . It should be noted that during the Legendre transform which is given in eq. (2), the equations of motion for ψ give ψ = R (where R is the Ricci scalar of the metric in Jordan frame). This implies that the expression for Jordan frame R in terms of φ is following,
One can now make use of the second equation in (4), where one can plug the expression for F ′ and ψ from eq. (5) and (7) respectively. This will directly give the expression for F in terms of φ.
From eq. (7 & 8) it is seen that it is a parametric representation of the reconstructed F (R).
In the case when V is simple then it is possible to invert eq. (7) to express φ in terms of R, which is then plugged in eq. (8) to get an explicit form for F (R). However in most case of interests (for inflationary potentials) such an inversion is not possible and an explicit expression for F (R) cannot be given. In those cases one can still write a parametric form and use it for further analysis. In the following we will work out the functional form of F (R) for some simple inflationary potentials in d = 4.
A. φ n potential
In this case V (φ) = λφ n . This is a very simple form of potential with just one term. For this potential the eq. (8) and (7) becomes following,
It is seen that even for this simple potential it is difficult to invert for arbitrary n and express φ in terms of R without involving complicated functions. However the parametric form is good and contains same information. Specialising for the case of n = 1 it is realised that in this particular case one can actually write an explicit form for the function F (R) by rescaling φ →φ = (
Under such a rescaling it is possible to do inversion in the first equation in (9) giving,
This is the equation of the Lambert W-function. In terms of Lambert W-function one can then express the functional form for F (R) as
where Λ = λ/4 √ 3e. This has a more familiar appearance where the various terms are successive powers of R suppressed by powers of Λ/M p . The large φ correspond to large R-regime. It is noticed that for large φ in n = 1 case, the exponential factor leads over the linear φ term giving F (R) ∼ R 2 . In the more generic case of arbitrary n it is no longer possible to invert the first equation of (9) to express φ in terms of R. One is then left with a parametric form of F (R). In this case again we note that for small (φ ≪ M P ), we have small R. In this regime
Here one can see with some manipulation that F (R) ∼ R 2 for large R. Also one can compute the following quantity d ln(F )/d ln(R) which gives the rate of variation of F w.r.t. R. In the parametric case it is given by,
From here it is clearly seen that for large φ, the r.h.s. approaches 2 implying F ∼ R 2 . This also signifies the the fact that at high energy (for large φ) one always approaches a R 2 action of gravity. This is like an attractor behaviour. These findings can be more clearly seen by plotting the parametric reconstructed F (R) as a function of R for various n. This is shown in figure 1 .
B. Exponential potential
The other simple scenario is the case when V (φ) has an exponential form. Lets say V (φ) = Λ exp(bφ/M P ). Here Λ has mass dimension 4, while b is dimensionless. Then using eq. (7) one can express φ easily in terms of ψ. This is given by,
Plugging this back in second equation (8) and following the previous foot-steps leads to
In the special case when b = 0 one gets
n , it is noticed that
Here on x-axis we plot ln(R) and on y-axis ln(F ). It is seen that for small
Here we have kept M P = 1.
Here it is seen that for arbitrary n, b and b 1 it is not possible to do the inversion and express φ in terms of R. But for the special case b = −2/(n √ 3) cancellation in the expression of R occurs which simplifies the expression of R. This allows one to do the inversion and express φ in terms of R. Furthermore if n = 2 the situation simplifies very much and one gets a simple expression for F (R) to be
This is the usual Starobinsky R 2 model which follows from the reconstruction process.
C. α-attractor
An interesting case which is quite famous in context of inflation is α-attractors. These were first suggested in [17] [18] [19] [20] which can be easily embedded in supergravity giving it a more fundamental status. Here the action has a non-canonical kinetic term of the scalar field with a φ 2 type potential. The action for T -models is given by,
where m 2 and α are parameters of the theory. Under the field transformation ϕ = √ 6α tanh(φ/ √ 6α) the action acquires a canonical kinetic form where the Einstein frame potential is given by,
Another model of α-attractors is the E-models. Its potential in Einstein frame is,
However in the rest of paper we will study only T -models as the results obtained can be easily extended to E-models. For α-attractors the potential is complicated function of φ, so invertibility during the reconstruction mechanism is not possible. However one can still write the parametric form of F (R) using the eq. (7) and (8). The α-attractor has a special point at α = 0. Each non-zero value of α correspond to an inflationary model and acquires a point on the n s -r (where n s is the spectral index and r is the tensor-scalar ratio). When α → 0 smoothly then on the n s -r plane the corresponding point is seen to approach smoothly a fixed point, at which r = 0 and n s = 1 − 2/N (where N is the number of e-folds). For small α the model behaves very much like pure R 2 inflationary model. In fact if one does the reconstruction and plots F (R) for various values of α (see [29, 30, 32] for earlier work on F (R) reconstruction of α-attractor), then it is seen that for small α, F (R) ∼ R 2 . If we compute the derivative d ln(F )/d ln(R) then it is given by,
Keeping α fixed it is seen that there are two distinct phases: small φ where F (R) ∼ R and large φ where F (R) ∼ R 2 . By varying α it is seen that as α → 0 then this derivative approaches 2 for all φ, indicating that α → 0 is a R 2 gravity. These findings can also be inferred by plotting the reconstructed F (R) for the case of T -models (for E-models it is similar) for various values of α for a range of values of φ. These are presented in figure 2 . This is good indication of R 2 being an attractor point at high energies. This classical analysis motivates us to indulge in to investigating whether α = 0 can be a stable fixed point in the corresponding quantum theory, where α = 0 arises as the ultraviolet stable fixed point of the renormalisation group trajectory. If such a thing is possible then it gives different perspective to the α = 0 point. In the next section therefore we will study the quantum theory of the α-attractors and compute the RG flow of the coupling parameters.
In the case when the potential is generic V (φ) then using eq. (7 & 8) one can write reconstructed F (R). In generic case one can take derivative d ln(F )/d ln(R) to see the form of the resulting expression. This is given by,
This simple expression shows that if V ′ /V vanishes then one gets the derivative to be 2, indicating R 2 gravity. For the forms of V considered above it is seen that V ′ /V vanishes for large φ: for polynomial forms of potential, α-attractor, power-law. In the case of exponential potential this ratio vanishes only for special value of b (the coefficient appearing the exponential). In case of α-attractor this ratio vanishes for all values of φ as α → 0, giving R 2 gravity.
III. RG FLOWS
As the point α → 0 hold a special status in the studies of cosmological attractor, one wonders if such a point can have additional interesting qualities. In particular one wonders if one can constructs a quantum theory of such attractor models and study the renormalisation group flows of the various parameters. In this context it is interesting to look for fixed points of the RG trajectory, in particular to see whether α = 0 is a stable fixed point of the RG trajectories. This is the question we seek to answer in this short paper i.e. looking at the α → 0 limit from a RG perspective.
For a generic quantum field theory the action can be written as
where g i are energy dependent couplings while O i are the operators. The corresponding beta-functional (set of beta-functions of various couplings) is given by
where t = ln(µ/µ 0 ) is the RG time and µ is the running energy scale, while µ 0 is the reference point. A beta-functional is a vector field on the space of couplings. The fixed points on this coupling space correspond to points which are solutions of β i = 0 (for all i). The behaviour of flows around the fixed points tell us about the stability of fixed points. If the fixed point is given by g * i , then near the fixed point the flow will acquire a linearised form given by,
where
is a linearised matrix computed at the fixed point (also known as stability matrix). The nature of eigenvalues dictates the stability of the fixed point. Corresponding to each eigenvalue is an eigenvector, which form the basis of the eigenspace around the fixed point. If the eigenvalue is negative then corresponding eigen-direction is UV attractive (infrared repulsive) in nature, while positive eigenvalue correspond to UV repulsive (and IR attractive) eigen-direction. For zero eigenvalues one has to do second order analysis in order to determine the true nature of the corresponding eigenvector. The interesting thing to note here is that while beta-functional behaves as a vector-field in the coupling space, the quantity M ij behaves like a tensor at the fixed point. This becomes more clear when a field transformation is done. In such a case the new couplings become functions of older ones, while the beta-function of new couplingsḡ i are related to beta-function of old couplings g i via vector-transformation in coupling space as
where ∂ḡ i /∂g j is the Jacobian of transformation. This will imply that if a certain point in RG trajectory is a fixed point, then the corresponding point in the transformed space is also a fixed point. Under such a transformation the stability matrix M ij transform as,
At the fixed point the first term on the RHS vanishes as the beta-functions are zero, thereby leaving only a tensor transformation for M ij . Such tensor transformation leave the eigenvalues of the stability matrix invariant, but eigenvector gets rotated.
In the case of α-attractor the reconstructed F (R) gravity action is the theory in Jordan frame and is related to the α-attractor model via a non-linear field transformation. It has been still a debatable issue whether the quantum theories in the two frames in general are same or more so whether one should only construct quantum theories in Jordan frame. There has been some examples of scalar-tensor theories of gravity where quantum equivalence has been studied [43] [44] [45] , and it has been seen that the quantum theories in the two frames are same. In the case of F (R) theories although such a study is currently lacking, but under field transformations while moving from Jordan to Einstein frame, it is realised that a non-minimally coupled scalar-tensor theory emerges at an intermediate level. This is like the ones considered in [43] [44] [45] , whose equivalence to Einstein frame theory has been shown. Therefore one can argue with good reasons that a quantum equivalence for F (R) theory will also exist. In this paper we exploit this knowledge to get a different perspective on the α-attractor using the non-perturbative RG flows of the reconstructed F (R).
Non-perturbative RG flows of generic F (R) have been computed in the past [37] [38] [39] [40] , here we make use of those generic RG equation in our case to extract information about the running of parameters of α-attractors. The equation was written on the background of maximally symmetric spaces for generic gauge-fixing. This generality works in our favour and can be specialised in our case. However their equation was written for an explicit function of F (R). As we know that in most cases of reconstruction it is not possible to give an explicit form of F (R) due to difficulty in invertibility, but it is possible to have a parametric form of F (R) where both F and R are functions of φ given by eq. (7) and (8) respectively. Then one need to adapt the RG equation presented in [37] [38] [39] [40] for the explicit F (R) to the parametric case. This adaptation is achieved by making use of chain-rule of derivatives.
On maximally symmetric spaces the Riemann curvature tensor and Ricci tensor satisfy
where R doesn't depend on space-time. In the case of F (R) reconstruction, R is function of φ, which on maximally symmetric spaces remains space-time independent. The crucial thing to note now is that any derivative of F (R) with respect to R translates into a parametric derivative
The non-perturbative flow equation for F (R) that is written in [39, 40] contains F ′ , F ′′ and F ′′′ in the flow equations. These get accordingly translated to parametric case via chain rule. The flow equation in the parametric cases therefore remains dependent on parameter φ, where the dependence on R comes implicitly. This functional equation is written in dimensionless form, where the dimensionless variables are obtained using the RG running scale µ. In the parametric case we have,
The coupling parameters appearing inside the potential V (φ) should be accordingly translated to dimensionless form. In the present case of α-attractor, the parameter α has mass dimension two, while the parameter m has mass-dimension one. These parameters have an RG running which is extracted from the non-perturbative flow equation of the reconstructed F (R). The dimensionless parameters are defined as,
The dimensionless functional RG over the background of deSitter space is given by [37, 38] (for RG flow equation on hyperbolic spaces see [40] ),
where (˙) denotes derivative w.r.t. t, ( ′ ) denotes implicit derivative w.r.t. r(φ). Here γ 1 , γ 2 and γ 3 are endomorphism parameters which contain information of gauge-fixing. c 1 , c 2 , c 3 , c 4 and c 5 are functions of r(φ) which have been given in the appendix (A).
In the case of an explicit F (R) function one can obtain the RG running of various parameters by projecting the flow equation on various operators. This is the usual strategy in the case when F (R) has a series expansion in powers of R. In the case of implicit form (the parametric case), one can still employ similar strategy. It is evident that the resulting dimensionless flow equation given in eq. (34) is a function of the dimensionless parameter φ. Taking successive derivatives with respect to r and putting r = 0 is equivalent to taking successive derivatives w.r.t.φ on both sides of flow equation (34) and puttingφ = 0. This is possible due to chain rule d/dr = (dφ/dr)d/dφ, where dr/dφ = 0 at theφ = 0. This allow us to extract the running of parameter of the theory. In the case of α-attractors it is seen that to extract the running ofm 2 (t) andᾱ(t) one has to do series expansion inφ of both sides of flow equation. Here we did the expansion up toφ 3 . This is sufficient to extract the running of parameters. However in the functional RG framework this is a truncation, and the flow equation of these parameters will be truncation dependent. For example the running of parametersm 2 (t) andᾱ(t) can also be extracted from the coefficient ofφ 3 and φ 4 orφ 4 andφ 5 , etc. These are higher-order truncations. In these cases the flow equations obtained will be more complicated with lengthy expression. However certain features of the flow equations will be independent of truncations for example the existence of non-spurious fixed points.
The flow equations for the dimensionless parametersᾱ(t) andm 2 (t) have the following form,
where for simplicity we do not write the full expression for G 1 , H 1 and H 2 . These are complicated and lengthy functions of dimensionless coupling parameters (ᾱ andm 2 ), and depends on endomorphism parameters (γ 1 , γ 2 and γ 3 ). This simple form of the dimensionless beta-functions explicitly shows the occurrence of Gaussian fixed point (ᾱ = 0 andm 2 = 0). Moreover, one can use these to write the beta-function of dimensionful couplings α and m 2 , which gets appropriately modified by extra terms. These are given by,
These dimensionful beta function shows that α = 0 and m 2 = 0 is a fixed point of the theory. The occurrence of this gaussian fixed point is a robust feature. It is independent of truncation, endomorphism parameters and scheme. However the form of G 1 , H 1 and H 2 is truncation dependent. By this we mean that had we extracted the beta-functions not from coefficient ofφ 2 andφ 3 , but from higher powers then we still get the Gaussian fixed point. To compute the stability matrix we use the expression given in eq. (27) . For the betafunction given in eq. (35 & 36) , the entries of the stability matrix are given by (if we take g 1 =ᾱ and g 2 =m 2 )
Near the gaussian fixed point (ᾱ = 0 andm 2 = 0), G 1 , H 1 and H 2 have the following expansion for the case of T -models,
whereM P = µ −2 M P is the dimensionless Planck mass. One can use this expansion to compute the entries of the stability matrix at the Gaussian fixed point. This is given by,
The eigenvalues of this matrix are e 1 = −6 and e 2 = −2 with eigenvectors v 1 = {0, 1} T and
T respectively. This implies that the gaussian fixed point is a stable point along both the eigen-directions. Solving the flow of dimensionless parameters around this gaussian fixed point it is seen that
where d 1 and d 2 are constants of integration. This means that in UV (as t → ∞)ᾱ and m 2 vanishes. For the corresponding dimensionful parameters one can look at dimensionful beta-functions given in eq. (37) . These clearly show that α = 0 is a fixed point. It should be noted that as α → 0, then the reconstructed F (R) approaches the R 2 gravity, indicating the stable attractor behaviour of the R 2 inflation.
IV. CONCLUSIONS
In this short paper we have outlined a recipe for the F (R) reconstruction process for any given generic potential in the Einstein frame in arbitrary space-time dimensions. It is seen that while for simple potentials it may be possible to explicitly work out the expression of F (R), in most cases of V (φ) one can only express F (R) only in parametric form where both F and R are function of φ. Analysis of this reconstructed F (R) shows that for large φ (which correspond to large R), F (R) ∼ R 2 in four space-time dimensions. This we explicitly saw in case of potentials of the form φ n , exponential form and α-attractors. For generic potentials we realised that if V ′ /V → 0 for large φ, then the reconstructed F (R) in four space-time dimensions approaches R 2 gravity. Interestingly in the case of α-attractor this behaviour happens for all φ when α → 0. It therefore becomes evident that R 2 gravity has a special status in four space-time dimensions as an attractor. This classical observation has also been made in previous works on F (R) reconstruction [11] [12] [13] [14] [15] [16] .
In the second part of this paper we set to investigate the quantum theories of attractor models with the aim to see if α = 0 can be seen as a special point in the renormalisation group trajectories. Here we make use of non-perturbative renormalisation group flows of F (R) models of gravity which have already been computed in past in arbitrary dimensions [37] [38] [39] [40] . This original equation was written for the case where F is an explicit function of R and does not has a parametric form. However, it is easy to translate it to the case of parametric form by making use of chain rule to express derivatives. This allows us to compute the RG flow of reconstructed F (R) in the parametric form. The non-perturbative flow equations for the dimensionless parametersᾱ andm 2 are extracted from the nonperturbative RG equation by projecting over the required operators. The flow equations clearly show the existence of UV stable gaussian fixed point atᾱ = 0 andm 2 = 0. This is a scheme independent result, indicating the the robustness of this fixed point. The RG flow of the corresponding dimensionful couplings have the same features, where α = 0 while m 2 approaches a nonzero value. These are the main results of the paper.
It is worth exploring further the meaning of running of the α-parameter during the cosmic evolution. In this RG study α is a function of RG time t = ln(µ/µ 0 ). In usual flat space-time quantum field theory µ is usually the external momenta of the interacting particles. In the case of cosmology (and inflation) one can relate µ to the Hubble parameter (or a function of Hubble scale) [46] [47] [48] . Under such a identification of µ, it is worth investigating the effect of the running of α-parameter on the cosmic evolution. This will be presented in the followup paper.
The vanishing of α in UV is a desirable and welcoming feature as inflationary models require α to be small in order to have a good inflation. Such a feature is a natural outcome in the context of quantum theory where the RG running of parameter α and its UV fixed point keep it small in the inflationary regime. This also supports the R 2 gravity type models, as via the F (R) reconstruction procedure it is seen that the small α theory tend to higherderivative gravity models (similar conclusions were also reached in [49] where the existence of new nontrivial UV fixed point resolves issue of initial conditions). Such higher-derivative gravity models have been known to be good candidates for quantum field theory of gravity as they are UV renormalizable [50] and have been shown to be unitary [51, 52] where ghosts are avoided for a large domain of coupling parameter space. These models of gravity also offers a favoured realisation of inflation. If such models of gravity can be consistently extended to explain late time acceleration of universe then the full theory becomes a very good model to explain both UV and IR physics. Such an attempt has been recently made in [53] , where an exponential form of F (R) has been added to include dark-energy. This model gives us guidelines along which a consistent theory unifying high and low energy physics should be constructed.
